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Abstract 

Let (Xi, di), i = 1,2, be proper geodesic hyperbolic metric spaces. We 
give a general construction for a "hyperbolic product" ^1X4X2 which is 
itself a proper geodesic hyperbolic metric space and examine its boundary 
at infinity. 



1 Introduction 

Let (Xi,di), i — 1,2, be proper geodesic hyperbolic metric spaces (for defini- 
tions see Section ||). We give a general construction for a "hyperbolic product" 
X\XhX 2 which is itself a proper geodesic hyperbolic metric space. 
This construction only depends on chosen basepoints Zi £ Xi or on points 
Ui G dXi, where dXi is the boundary at infinity. 

For given points Zi 6 Xi consider the set 

Y := {(xi,x 2 ) £ X t X X 2 d 1 (x 1 ,z 1 ) = d 2 (x 2 ,z 2 )} C X x X X 2 
with the induced product metric 

<k ((xi,X2), (2/1,2/2)) = (dl(xi,yi) + dl(x 2 ,V2)Y ■ 
Let (1:7x7 — > R + be the corresponding interior metric 

d(x,y) := inf | L(c) c connecting x to y in Y |, 
where L(c) denotes the length of c in (Y, d e ). 

We call (Y,d) the hyperbolic product of [X\,z\) and (X 2 ,z 2 ) and denote it also 

by 

Y = {X uZl ) x h (X 2 ,z 2 ). 
This notion is justified by the following 
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Theorem 1 Let Xi, i = 1, 2, be proper geodesic hyperbolic spaces and Zi G Xi, 
i = 1,2. Then Y = {X\, Zi)Xh(X 2 , z 2 ) is also a proper geodesic hyperbolic space 
and dY is naturally homeomorphic to dX\ x 8X2 ■ 

The construction can be carried over in the limit case that the points z\ tend 
to infinity. This limit case seems to be of particular interest. 
Let Ui 6 dXi be given. These points give rise to Busemann functions Bi : 
Xi — > R. Define now 



Y := 



[{x u x 2 ) e X x x X 2 I Bi(xi) = B 2 {x 2 )} Clixl 2 



and consider as above the interior metric don 7. 

We call (Y, d) the hyperbolic product of (Xi, Bi) and (X2, B2), denote it by 

Y = {X 1 ,B l ) x h {X 2 ,B 2 ), 

and obtain the 

Theorem 2 Let Xi, i — 1,2, be proper geodesic hyperbolic spaces and Bi : 
Xi — ► M Busemann functions on Xi. Then Y — (X\, B\) Xh(X 2 , B 2 ) is also 
a proper geodesic hyperbolic space and dY is naturally homeomorphic to the 
smashed product dX\ A 8X2 ■ 

Remark 1 i) The smashed product A is a standard construction for pointed 
topological spaces. Let (Ui,u\), (U 2 ,U2) be two pointed spaces then the 
smashed product Ui A U% is defined as U\ x U2/U1 V U2, where U\ x U 2 is 
the usual product and 

U X VU 2 = ({mi} x U 2 ) U (u 2 x {u 2 }) c Ui x U 2 

is the wedge product canonically embedded in Ui X U 2 . Thus U\ A U 2 is 
obtained from U\ x U 2 by collapsing U\ V U 2 to a point. For example 
S rn AS" = S m+n . 



ii) In , BrF(\J the authors proved that the hyperbolic product of real hyperbolic 



spaces (H™ 1 , ui)x/ l (H m2 , U2), with Ui in the ideal boundary, is isometric 
to a real hyperbolic space H mi+m2_1 . 

In ^F6| / the authors proved that, more generally, the hyperbolic product 
{Y, d) of Hadamard manifolds of pinched negative sectional curvature —b" 1 < 
Ki < —a 2 < is hyperbolic. This was done by showing that there exists a 
metric on Y that is bilipschitz to the one induced by the canonical embed- 
ding i : Y > X and that carries pinched negative sectional curvature. 



For related results also see [LI J, [Li], t Flj and [Fi] 



iii) Instead of the Euclidean product metric d e on Y we could also take e.g. the 
maximum metric 

d m (^(xi,X2),(yi,y 2 )j ■= max jdi (2:1,2/1), d 2 (a:2,y2)} 
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and the corresponding inner metric dl on Y . Note that d e and d m and 
therefore also d and d' are bilipschitz related. 

The following holds in general: If (Y, d) is a proper geodesic metric space 
and d' is an other interior metric on Y which is bilipschitz related to d, 
then (Y,d') also is a proper metric space which implies that it is geodesic 



since (Y,d) is a length space (see e.g. Theorem 2.5.23 in ^BuBulf). In 
addition (Y, d) is hyperbolic if and only if (Y, d') is hyperbolic and in that 
case d(Y,d) is homeomorphic to d(Y,d'). 

For technical reasons we use in our proof the metric d rn on X\ x A2 ■ 

iv) Finally note that the hyperbolic product can similar be defined for finitely 
many factors and the analogue of Theorems [J and || hold in that case. 

Outline of the paper: 

In Section ^ we collect the necessary results on hyperbolic metric spaces. In 
Sections [| and ^ we give a proof of Theorem ||. At the end of Section || we 
indicate the necessary changes for the situation of Theorem |l|. 

Acknowledgment: We want to thank Urs Lang for useful discussions. 

2 Preliminaries 
2.1 Hyperbolicity 

A metric space (A, d) is called geodesic, if any two points x, y £ X can be 
joined by a geodesic segment xy that is the image of a geodesic path j xy : 
[0, d(x, y)] — ► X from x to y which is parameterized by arclength. 
A geodesic metric space is called 8-hyperbolic if for any triangle with geodesic 
sides in X each side is contained in the 5- neighborhood of the union of the two 
other sides. 

The space is called hyperbolic if it is S- hyperbolic for some 5 > 0. 

Let A be a metric space and x,y,z £ A. Then there exist unique a, b, c £ Rq~ 
such that 

d(x, y) = a + b, d(x, z) = a + c and d{y, z) = b + c. 

In fact those numbers are given through 

a = (y ■ z) x , b = (x ■ z) v , and c = (x ■ y) z , 

where for instance 

{yz) x = i d(y,x) + d(z,x) - d(y,z) 

In the case that Xis geodesic we may consider a geodesic triangle xyUlzzUyz c 
X, where for example xy denotes a geodesic segment connecting x to y. Given 
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such a triangle we denote by x — J xy (a) the unique point on yz satisfying 

d(x, y) — (x ■ z) y and in the same way we define y Gxz and z £ xy. 

Note that for X being a tree all these points coincide, i.e. x = y = z. In general 

an upper bound for the distances of these points measures the hyperbolicity of 

(X,d). 

Lemma 1 i) If(X,d) is 6 -hyperbolic, then 

d(z,z) < c + 2S, d(j xy (t),j xz (t)^ < 45 Vt 6 [0, a] 

and the points x, y, z have pairwise distance < 4(5. 

ii) A metric space (X, d) is hyperbolic if and only if there exists a 5' £ Rj such 
that given any geodesic triangle xyUaTzUyz C X the points x £ yz, y Gxz 
and z £ xy as defined above have distance less than 6' to each other. 

Proof: i) By <5-hyperbolicity d(z,xz) > 5 or d(z,yz) > S. By triangle inequality 
we have in the first case d(z, y) < 26 and hence d(z, z) < c+ 26. The other case 
is similar. 

Assume that there is to £ [0,a] with d( , y X y(to),"f xz (to)) > 4<5, then 
d{^ xy {t[) - 6),"f xz (t Q -6)) > 25 which implies d(j xy {t a - 6),xz) > S and by 
hyperbolicity d(7 a; j / (io — ^),yz) < S. Let p £ yz be a point of minimal distance 
to 7(to — S). By triangle inequality d(p, y) > b and hence d(p, z) < c. Thus 

a + c = d(x,z) < (t - 5) + d(j xy (t - S),pj + d(p,z) 
< a + c ; 

a contradiction. Since the corresponding estimate holds for the other sides as 
well the points x, y and z have pairwise distance < AS. 

For i) compare to Proposition III. 1.17 in |BriH|. □ 



2.2 T- functions 

Definition 1 Let a,uj £ R and I := [a, u)]. 

i) A function f : I — > R is called a T -function if f is continuous and there 
exists a + a £ [a,ui] such that the restrictions f\( a . a +a) and f\t a + a>u ) are 
differ entiable with 

f |(a,o+o) = — 1 an d f \(a+a,u) = 1- 



ii) A function f : I — > R is called a 5-T -function, 5 £ M.q , if there exists a 

T -function g : I — ► R such that \\f — g\\ S up < S. 

iii) Let X be a geodesic metric space. A function f : X — ► R is called a S-T- 

function, if for any geodesic segment 7 : [a, u>] — > R the function f 07 is 
a 5-T ' -function. 
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Remark 2 It is straight forward to check that 

i) Every T -function f is convex and Lipschitz with Lipschitz constant 1 = 1. 

ii) For [a.uj] C K and t\,tz 6 K with \t\ — t%\ < \a — u\ there exists a unique 

T -function with f(a) = t\ and f(to) = ti- Indeed there are unique a, b, c 6 
M.q such that a + b = |a — cj|, a + c = fi, 6 + c = i2- These are given via 




Now f satisfies 

/(a) = t ls /(a + a) = c, /(w) = i 2 . 

iii) f is a (8 -)T -function f + const is a (5 -)T -function. 

iv) ^4 Zzraii of a sequence of (6 -)T -functions is a (8 -)T '-function. 

Lemma 2 Let X be a geodesic metric space. Then the following are equivalent: 

i) X is hyperbolic. 

ii) There exists a 8 S K + smc/i i/iai for all x £ X the function 

d x : X — ► R , y i — > y) 

is a 8 -T -function. 

Proof: Let X be <5-hyperbolic, x,y,z € X, d(x,z) = a + c, d(y,z) = b + c 

and 7 : [0, a + 6] — ► an arc length parameterized geodesic connecting x to 
V- 

Now consider the T-function / : [0, a + b] — > M. + determined by 

/(0) = d(z, 7(0)) = a + c and f(a + b) = d(z, 7(0 + bj) = b + c. 

Note that f(a) = c and (d z o 7)(<z) < c + 4<5 by Lemma [j] m). 

From the fact that d z o 7 : [0, a + 6] — > R + is 1-Lipschitz it immediately follows 

that 

14 °7 ~ /I Up < 45. 
Hence d z o 7 is a 4(5-T-fvmction. 

"<j=" Let now X satisfy condition ii). We show that X is hyperbolic using the 
criterion of Lemma II] i): 
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For x,y,z 6 X and geodesic segments xy, xz and yz connecting these points, 
condition ii) yields c < d(z, z) < c + S. We now consider the geodesic triangle 
xz U zz U xz, where xz C xy and zz is any geodesic segment connecting z 
to z. For z £ xz satisfying d(z, z) = (x ■ z) z condition ii) gives d{z, z) < S. 
Furthermore one has c < d(z, z) < c+ | and therefore d(y : z) < |. Thus we 
achieve 

<5 3 

d(z,y) < d(z,z) + d(z,y) < S + - = -6. 

The same argument of course yields d(z,x) < |5 and d(y 7 x) < By Lemma 
(Dm) we obtain the result. □ 



d z o 7 




a a + 6 



Figure 1 : The graph of d z o 7 lies in the region between the graphs of / and 
f + S. 



2.3 The boundary at infinity and Busemann functions 

We associate to a hyperbolic space (X, d) a bou ndary dX at infinity. There are 
different descriptions in the literature (see e.g. | BeKa |) all of which coincide for 
proper geodesic hyperbolic spaces. 

We choose a basepoint z € X. We say that a sequence {x fc } fcgN of points in X 
converges to infinity, if 

liminf (x k ■ x l ) z = 00. 

k,l >oo 

Two sequences {^ fe }/j e jsj and {y fe } fegN converging to infinity are equivalent, 

liminf (x k • y l ) z — oo. 

k.l ^00 
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One shows that ~ is an equivalence relation and defines dX as the set of equiv- 
alence classes. We write [{x k }] £ dX for the corresponding class. One can also 
show that for every x £ X and v £ dX there is a geodesic ray 7 X „ : [0, oo] — ► X 
parameterized by arclength with 7 X „(0) = x and [{7a;,, (fc)}] = v. 

For v £ dX and r > one defines 

U(v,r) := I w £ dX 3{x k }, {y k } s.t. [{x k }] — v, [{y k }] — to, liminf (x k -y l ) z > r\. 

I k . / — • \ J 

On dX we consider the topology generated by U(v,r), v £ dX, r > 0. 

If X is proper, dX is a compact topological space. We now also fix a basepoint 
u £ dX and a geodesic ray j zu from z to u. The function B : X — ► R, 
B(x) :— \im t ->oo[d(x,-f zu (t)) — t] is called the Busemann function associated to 
"f zu . B is a (5-T-function as a limit of <5-T-functions. 

Definition 2 A geodesic ray 7 : [0, 00) — ► X is called a B-ray if and only if '7 
is parameterized by arc length and 

B(i(t)) = 5(7(0)) - t Vte [0,oo). 

By a standard limit argument we obtain the 

Lemma 3 Let X be a complete, locally compact, hyperbolic metric space and 
B a Busemann function on X. Then for every x £ X there exists a B-ray 7 
with 7(0) = x. 

Let now v £ dX\{u} and consider B-rays 7 7jEt ,(t) starting at 7z„(t). Then these 
rays subconverge as sets to a geodesic from v to u and by suitable reparameter- 
ization we obtain the existence of a geodesic ^ vu : E — ► X with 



B 



(jvu(t)j = -t, {7im(fc)} = u and {7™(-fc)} 



= v. 



The hyperbolicity of X also implies that there exists a constant C (depending 
on u, v, z) such that 



l(jz(t),j vu {t)j < C and d(^y zv (t),^ vu (-t)j 



< C Vt>0. 



Let now x,y £ X and ^ x ,ly be _B-rays starting at x, y. Then j x ,Jy and a 
geodesic segment xy form an ideal triangle with vertices x, y and u — 7 zu (oo) £ 
dX. We want to look for points u,x,y as for finite triangles. Clearly there are 
a, b > such that d(x, y) = a + b and B( / y x (a)) = B{~f x {b)). Indeed 

a = (yB) x := ^(d(y,x) + B(x) - B(yj) and 

b=(x-B) y := ±(d(x,y) + B(y) - B(x)). 

Let tiei^be the point with d(x, u) — a and let y — j x (a), x — "f y {b). 
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X 

Figure 2: Triangle and ideal triangle in the hyperbolic space. 



Lemma 4 i) The points x, y and u have pairwise distance < 8(5. 
ii) For allt>0 it holds d(^ x {a + t),^ y {b + t)) < 8<5. 

Proof: Let B(x) = \im t ^ 00 (d(x,j zu (t)) —t), Zi = r ) zu {i) 1 i G N, and consider 
the triangle x, y, with corresponding values Oj, 6j, Cj 6 R + as well as points 

% = Jxy(ai), i)i = j XZi (ai) and = j yZi (bi). 

Clearly one has ai — > a and 6; — > 6. 

Consider also the triangles x, 7^(0^), z^. Note that 7x(ai)) — d(zi, iji)\ — >0 
which implies by Lemma [I] ii) 

limsupen 7 x (a i ),i/jJ < 26. 

In the same way we obtain 

limsupdl "f y (bi),Xi ) < 25. 

i ► oo ^ ' 

Since d(£i, jji) < 45 by Lemma |l| we obtain i). 

The proof of ii) is similar. □ 
We need the following 

Lemma 5 Let x,y £ X and a : [0, d(x, y)] — ► X a curve parameterized by 
arclength such that er(0) = x and d(a(d{x,y)),y) < R. Then 

d(~j xy {t),a{t)) < + 45 Vi G [0, d(x, y)]. 

Proof: For fixed t G [0, d{x,y)\ consider the triangle x,y,z := cr{t). Since 
d{x, z) < t and d(z, y) < d(x, y) — t + R we have c = [x ■ y) z < y and hence 
there exists z — j X y(t') with d(z,z) < ^ + 4(5. Note that t' = d(x,z) — c and 
d(x, y) —t' = d(z, y) — c. Thus \t — t'\ < R from which the claim follows. □ 
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2.4 A Morse estimate 

We need an estimate whose proof is similar to the proof of the Morse inequality. 



Lemma 6 Let (X, d) be 8 -hyperbolic, x, y E X and 7 : [0, 1] — ► X be a con- 
tinuous path from x to y. If there exists a point p — 'Jxy(so) E xy such that 
d{p, j{t)) > R for all t E [0, 1] and R > 908, then 



L( 7 ) > d(x,y) + —R 2 . 

Proof: Define a(t) := (y ■ 7(t))a: E [0, d(x, y)]. Since a is continuous, a(0) = 
and a(l) = d(x, y) there are < t_ < t + < 1 such that 



R R 

a(t-) = s - — , a(t + ) = s + — , a(t) £ 



R 



R 



Vt_ < t < t+. 



Choose k + 1 := [A] + 1 points Si < ... < s k+ i E [s — -j, s + -§] such that 
|sj_|_i — Sj| > 128 and let fcj E [t_,i + ] be points < t 2 < ... < tfe+i with 
a(tj) = Now 



L( 7 ) > d(x, 7 (t_)) + X)d(7(ti+i),7(*i)) + rf(7(i+),y)- 



By construction 

d(x,j(t-fj >a(t-) and dh/,7(i + )) >d(x,y) - a(*_). 
Thus 7 (t_)) + d(7(t+), y) > d(x, y) - i?. 

Let E be a point such that d{^{U), qi) — d(j(ti),xy). Since rf 7 (t ; ) 072:2/ is a 
4<5-T-function by Lemma ^, a minimum of this function is assumed in distance 
< 48 of the corresponding T-function. Thus d(qi,j X y(si)) < 48, which implies 
d(qi,qi+i) > 48 since d(j x ^ y ( s i+ i), Jxy(sj)) > 128. 
By Lemma 8.4.23 in ]BuBuI | we obtain 

d ( 7 (*i+i, 7(*i)) > d(7(*i+i),«+i) + d(rf(ti),qi) ~ 4(5. 

Since d{^{ti),p) > R and d(qi,p) < § + 4(5 we obtain 1^(7(^+1 ), 7(i^)) > 
i? - 12<5. Thus 



£(7) > d{x,y) + 



r i? 



12(5 
1 



(R - 12(5) - R 



> d{ X ,y) + ^ 



for i? > 90(5. 



□ 
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Figure 3: This figure shows how Lemma 8.4.23 in | BuBuI | is applied to the 



segments r y xy \ [ Si)Sj+1 ] and 7|t i) t i+1 in the proof of Lemma |6|. 

3 The hyperbolic product 

In this section we prove the first part of Theorem ^, which is equal to Proposi- 
tion |i| 

Let (Xi,di) be ^-hyperbolic spaces, i = 1,2, and S := max{Si,S 2 }. Let further 
Bi : Xi — > R be Busemann functions on Xi. We study the set 

Y := {{ Xl ,x 2 ) £ X 1 x X 2 | Bx(xi) = B 2 {x 2 )). 

On Y we consider the maximum metric d m : Y x Y — » R, 

d m ((xi,X2), (x' 1 ,x' 2 )j := max|<ii(xi,2:' 1 ),(i2(a;2,a;2)|. 

For our use of d m instead of d e compare Remark |l] Hi) in the Introduction. 
Let p,p' £ Y. We first construct two curves in Y between p and p' , the T-curue 
r p j/ and the continuous T -curve ^ pp i- 

The advantage of T pp i is that this curve is conceptually easy to understand. 
However, T pp i is in general not continuous, rL,, is a continuous variation of 

Let p = (pi,p 2 ), p' = (p'i,p' 2 ) and 7,, 7^ be Si-rays starting at Pi-,p\. Let further 
7,7': Rj — > y be the geodesic rays 

i(t) = ( 7 iW,7 2 w) , 7'w = (ri(t),m). 

These geodesies are parameterized by constant speed 1. We set 



a, := (pi-Bi) Pi = -(dipup'i) + Bi( Pi ) - B^p'S) 
h := (pi-Bi) p , = ^d{p l ,p , i ) + Bi(d) ~ Bi(Pi)) 



and 
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such that a.i + bi = di(pi,p^. Let a := max{ai,et2} and b := max{6i,62j-, then 
a + b = d m {p,p'). We define by a slight abuse of notation 

r = IV := tI[o,o] * 7'l[o,6] • 

Note that T pp / is not necessarily continuous, since 7(a) = (71(a), 72(a)) is not 
necessarily equal to j'(b) = (Yi(b) , j' 2 {b)) . However, di (71(a), 7-(6)) < 85^ by 
Lemma ||. 

The curve r£ , is a continuous modification of T pp i and defined as 

r pp' : = 7| [0,0+25] * r i * L 2 * 7' I [0,6+25] ) 

where L x is a continuous curve in Y form (71(0 + 25), 72(0 + 25)) to (71(6 + 
25), 72 (a + 25)) and T 2 a continuous curve in Y from (7^(6 + 25), 72(0 + 25)) to 
(7i(£> + 25), 7 2 (6 + 25)) given in the following way: 

Let 771 : [ai,/3i] — > Xi be a geodesic from 71 (a + 25) to 7^(6 + 25). Note 
that L(rji) < 85 and B\ (771(01)) = Bi{r\\{pt?)) . Since B\ is 1-Lipschitz and a 
45-T-function we obtain 

Bi (»&(*)) < + 25 = ^(pi) - a. 

Thus -Si(r;i(t)) + B1O1) > a > and 

ri(t) = (r ?1 (t),7 2 (- J B 1 (r ?1 (t)) + J B 1 (pi))) 

is well defined. By construction Ti(i) G Y - and L^mC^i) < 85. 
In a similar way one constructs T2. 

We can easily estimate the length of r° p , and obtain the 

Lemma 7 Given two points p,p' G Y the continuous curve T c — Tp p , has length 

L(T C ) < d m (p,p') + 205. 
This immediately implies the 

Proposition 1 Given two points p,p' G Y, it holds 

d m (p,p') < d(p,p') < d m (p,p') + 205. 

Thus (Y, d m ) and (Y, d) are quasi-isometric and hence bilipschitz on a large 
scale. But also on a local scale they induce the same topology: 

Lemma 8 The metrics d and d m \Y induce the same topology on Y. 

Proof: We need to show that 

lim d m \ Y (yi,ya) = => lim d(yi,y ) = 0. 

l >oo i >OG 

Thus it suffices to prove the 
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Sublemma 1 Let {j/i} icN be a sequence in Y that converges to yo G Y with 
respect to d e \y ■ Then for all e > there exists p(e) > such that for all y.i G Y 
satisfying d e |y(yi, yo) < P there exists a curve Ti in Y connecting y^ to yo of 
length L(Ti) < e. 

A sequence {j/i} ieN = {(ya, yi2)} ieN in Y G Xi x X 2 converges with respect to 
dmW if &ud only if the sequences {?/ij} igN in Xj converge with respect to dj, 
J = 1,2. 
Define 



Kj 



\y(l) 7 is a B r ray with 7(0) = y jj 



and let 7^ be i?j-rays with 7ij(Q) = yij. The local compactness of Xj implies 
the 

Claim: There exists p > such that dj(yij ,yoj) < 6 implies d(7y (|), Kj) < |. 

Let now d m (jji,yo) < p, then dj (y^ , yoj ) < p and thus by the claim there are Bj- 
rays7j starting at j/oj such that d(7y( I ), 7^(1)) < |. Similar to the construction 
of Tp p , one now finds a continuous path T c in Y connecting successively the 
points 

(y«i,2/a), (7ti(|),7«!(|))i (7i(|)>7i2(|)), (ti(|)>72(|)) 5 (2/01^02) 
of length 

e e e e 
r < 4 + 8 + 8 + 4 =£ - 

□ 

Corollary 1 (Y, d) is locally compact, complete and hence proper and geodesic. 

Proof: Since the Busemann functions hi, i — 1,2, are continuous, Y is a closed 
subset of the locally compact space (X\ x X 2 ,d m ) and therefore locally com- 
pact itself when endowed with the induced metric d m \y- Thus from Lemma || 
it follows that (Y, d) is also locally compact. 

Every Cauchy-sequence in (Y,d) is a Cauchy-sequence in (Y,d m \y)- But (Y,d m \Y) 
is complete and therefore the Cauchy-sequence converges in (Y, d m \y)- Now the 
proof of Lemma || yields convergence in (Y, d). Hence (Y, d) is complete. 
Finally every locally compact, complete length space is proper and geodesic (see 



e.g. Proposition 1.3.7. in [BriH|). □ 

Let p,p' £ 7 and let 

a : [0,d(p,p')] — Y , a(t) = (^(i), a 2 (t)) 

be a unit speed geodesic from p to p' . We want to compare a with the curve 
T(p,p'). To have the same domain, we modify T pp i a little: Let a,b as above 
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a + \{d{p,p') - d m (p,p')) , 
b + -{d[p,p') - d m (p,p') 



and 



b* 

We define T* = T* p , : [0, d(p,p')} — > Y via 

r p P '(*) : = 7l[o,o*] * 7'l[o,&*f 1 

and prove the 

Proposition 2 For a and T* as above it holds 

d(a(t),T*(tf) < 500(5. 

To simplify the arguments, we will assume: 

(a) d(pi,pi) > d(p2,p 2 ) which implies a = a\ and b = b\, 

(b) Bi( Pi ) = 0, fl<(7i(t)) = -t, and B^t)) = -t + (b - a). 

We can assume this without loss of generality: (a) by interchanging the factors 
and (b) by adding the same constant to both Busemann functions. 

The first step in the proof of Proposition || is the 

Lemma 9 There exists to 6 [0, d(p,p')] with dx(t7i(to),Ji(a)) < 305. 

Proof: Consider the ideal triangle pi,p[,ui = 71(00) = 71(00) in X\ with 
points p[ = 71(a), px — 7' (6), Mi = 7 Pl! p' i (a) S of pairwise distance < 85. 

Choose to such that 



AI 



l(ai(to),u^J = iiimd(ax(t),Ux(tj)- 



By Lemma || we have Ldi(ci) > (a + b) + -^M 2 . Since L dl (tTi) < L dm (a) < 
(a + b) + 206 we obtain M < 205 and thus the result. □ 

We decompose a into two pieces a = a*/3 where a — cr| [o,t ] an d P = c|[t ,<i(p.p')]> 
write a = (ax, 012) and /3 = {fix, P2) and prove the 



Lemma 10 With the notation above it holds 



L(cei) — a < 505 and L(f3. 



< 505 for i = 1,2. 
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Proof: With M as in Lemma |^ we compute 
L{oi) > |flt(tri(t )) - Bi(pi)\ = |Bi(<7i(t )) 



> a - M 



> a - 30(5. 



and 

m) > 



Bi 



(o-i(to)) - Bi(Pi)| = |fli(^i(*o)) - -a) 



> b 



305. 



Since L{on) + L{fli) < a + b + 205 by Lemma we obtain the result. □ 

Lemma 11 With to as in Lemma || it holds d 2 (cr 2 (io), 72(a)) < 1005. 

Proof: Consider the ideal triangle P2,Q — 02(to) = <52(^o)j u 2 = 72(00) in X% 
with corresponding points g = 72 ((9 ■ ^2)p 2 )j U2,P2- Since 



2jp 2 



d(p 2 , 0:2(^0)) + B 2 {p2) - -B 2 (a2(*o)) 



and |L(ai — a)| < 505, jBafe) — -S 2 (a e (io))| > a — 305 by Lemma O, we see 



(g • B 2 ) P2 - a 



< 405 



and 



d(u2,P2) = ^( d (P2, "2 (<o)) + B 2 {a 2 {to)) - B 2 (p 2 ) 
Together with Lemma we get the estimate. 



: 405. 



□ 



Proof of Proposition ^j: Lemmata |[ fTl|and Proposition E] imply that d(a(to), 7(a)) < 
1205. Combining some triangle inequalities we obtain \to — a\ < 1505 and 



< 3005. 



d(a(a*),j(a*fj < 3005 , d(a(a*), 7(6*) 

Together with Lemma 5 we obtain Proposition @. □ 
Proposition 3 (Y, d) is hyperbolic. 

Proof: By Lemma || it suffices to show that there exists a A such that for all 
q,p,p' £ Y and all minimal geodesies a : [0, d(p,p')] — ► Y from p to p' the 
function t 1 — ► d(q,a(t)) is a A-T-function. By Propositions |l| and || it suffices 
to show that there exists A such that for all q,p,p' the function 



[a*,b* 



dm(?,r*(t)) 



is a A-T-function, where T* — 7|[o a *l * 7 / |[o,6*] 1 as defined above. 
Define f,g : [a*,b*\ — ► R via 

fit) := di(gi,r;(t)) and «?(t) := d 2 (q 2 , P*(t)) . 
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We have to show that max{/, g} is a A-T-function. We use without loss of 
generality as above that > ^2(^2,^2); i- e - that d m (p,p') = di(pi,p[). 

In this case d(Ti(t), 7 Pl p'(t)) < <5' for all t £ [0, a + 6], where 5' only depends on 5 
and not on It follows that / is a A-T-function for some A only depending 
on 5. 

Note further that <?|[o. a *] and g\[ a * +e ^ a * + b*] are 4<5-T-functions by Lemma ^ for 
every e > 0, and hence g\[ a * , a * +b*] is a 12(5-T-function since the jump at a* is 
bounded by 85. 

Let v = (q2 ■ B2) P2 , then the function 

[0,oo) — >[0,oo), t ^d 2 (q 2 , 72 (*)) 

assumes the minimum 8<5-close to the point t = v. 

If v > a, hence v > a* — 10<5, then by the properties of (5-T-functions g|[o, a *+t>*] 
is easily checked to be a 30(5-T-function. 

Let us assume that v < a. Set u := ^2(92,^2) — v and let 72 : [0, 00) — ► X 
be a i?2-ray starting at 52- Then c?2(72(w + i),72(v + £)) ^ 8(5. In particular 
d2(j2(u + (a* — w)),72(a*)) < 8<5 which implies 



> 


d 2 (ci2, 72 (a*)) - 


B 2 (<Z2) 


- 52(72(0*)) 




c?2 (92,72(0*)) - 




- Bi(7i(o*)) 



Since di(qi, 71 (a*)) > |£?i(qi) — £>i (71(a)) we obtain 

f(a*) = di(qi, 7 i (a*)) > <fe (g 2) 72(a*)) - 8«S > <?(a*) - 85. 

Since g|[o, a *] ancl ffl[a*,a*+6*] are 125-T-functions and / is a (5'-T-function we see 
that (g — /)+ < 205 + (5' which implies that max{/, g] is a 20(5 + 2(5'-T-function. 
□ 




Figure 4: This figure visualizes the situation in the proof of Proposition 

We finally indicate how the arguments of this section have to be modified to 
prove Theorem [j]. In the case of Theorem [l] let B\ := d(zi, •), B% := d{z2, •) and 



15 



z = (z\, Z2). The Bi-r&ys correspond to the geodesies ji = ^ ViZi , 7,' = lp'. Zi - Let 
further 

7 : [0, dip, z)] — > Y, 7 =(7i,72) 

7' : [0, dip, z)] — > Y, 7' = (71,72), 

a, := ^ • Zi) Pi and 6 4 := (p t ■ Zi)^. 

While the definition of T is analog to the one in the case of Theorem |^, the 
definition of F° , needs to be slightly modified in the case that a + 25 > dip, z) . 
In that case just take 

r pp' : = 7l[0,o+r] * 7|[Q,6+t] , 

where a < r < 25 is chosen such that 7(7*) = j'(t) = z. 

The proof of Lemma || stays valid in the case yo ^ z, e < d(j/o, z). In the case 
2/o = z the result is obvious. 

4 The boundary of Y 

In the case of Theorem |l| it is easy to see that dY = 8X\ x 8X2- The situation 
of Theorem ^ is more interesting: 

We study dY and show that it is homeomorphic to 8X\ A 8X2 ■ 

Recall that the Busemann functions Bi are defined as Biix) = limt_» 00 (dj(x, 7i(i)) — 

t), where 7* : [0, 00) — ► Xi is a geodesic ray, i = 1,2. 

Let Zi — 7i(0) and U{ = [{7i(&)}] € i = 1,2. Let further z = (zi,z 2 ) 6 1" 
and 7(t) = (71 (t), 72(^))- Then 7 is a ray with 7(0) = z and clearly the Buse- 
mann function B : Y — > R of this ray is -B(t/i, 2/2) = ^1(2/1) = -82(2/2)- 
Let u := [{7(fc)}] G <9F. Using the results of Sections || and || there exists a A 
such that the following holds: 

(1) Y is A-hyperbolic, 

(2) d(r* y (t),7x2/(t)) < A, 

(3) d(r;„(t),r*,(t))< a vo<t<( y -z)„ 

(4) d(r*„(t) )7 (i))<A V0<*< [x-B) z , 

(5) |d m (cc,y) - <Z(a;,y)| < A. 

For any point v G consider a geodesic ray a : [0, 00) — > Y such that <r(0) = z 
and v = [{er(fc)}]. Consider the curves r* CT( - fc) with diT* a , k Jt), ait)) < A for 

< t < k. By Section § r* CT(fc) = 7l[o.a*] * 7 fc |[o,&*f \ where \a% - (a - B) z \ < A 
and 7^ : [0, 00) — > X t is a -Bi-ray with 7*(0) = cr^fc) and d(7*(&£), 7i(<4)) - A. 
We distinguish two cases: 

(Case 1) There exists a subsequence {a* k .} with lirrij^oo. 

Then lirn^oc (cr(fej) • £>) z = 00 and thus liminfj ) (_ >00 (cr(fc :! ) ■ 7(i)) 2 = 00, which 
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implies {c(fcj)} ~ {7C7')}, hence [{cr(fcj)}] = u. Since ~ is an equivalence 
relation and clearly {c(kj)} ~ {o~(j)} we also see that liirifc—,.^ a k = 00. 
(Case 2) {a* k } is bounded. 

Then it holds b* k — ► 00. Reparameterize 7^ : [0, 00) — > as 
7^: [a* k -bl, co), 7*(t) = 7?(* + 6fc-o*)- 

By the discussion of Sections || and |3| the 7^ converge to a complete geodesic 7* 
withBi(7i(t)) = -t and df (7i(a£), 7* (a£)) < 8<5. Clearly we have [{7*(fc)}] = 
Letvi := [{7*(-fc)}] G dV, \ {M- 

From the discussion of Case 2 it is not difficult to show that the map 

dY\{u] — ► (axAWI) x (ax 2 \{ U2 }) 

is a homeomorphism, which by the discussion of Case 1 extends naturally to a 
homeomorphism 

dY — > dX l A dX 2 . 
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